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A simple perturbational approach has been used to establish the symmetry
conditions for energetically favourable nuclear motions on a potential energy
surface. In particular, the operational rules of Orbital Correspondence Analy-
sis in Maximum Symmetry (OCAMS) for specifying the symmetry species of
the nuclear displacements, which make a symmetry forbidden pathway sym-
metry-allowed, have been derived. A general, symmetry-independent, pro-
cedure is then proposed for finding the energetically most favourable pathway
by referring to the form of the overlap density function of non-correlating
orbitals. The method is demonstrated by selecting from among the several
symmetry-allowed nuclear motions on the potential energy surface for the
H, +D; exchange reaction, that which is energetically most favourable.
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1. Introduction

Correlation diagram techniques and symmetry arguments are important for the
rationalization of chemical reactivity [1] and the geometry of molecules in ground
and excited states [2]. Orbital Correspondence Analysis in Maximum Symmetry
(OCAMS) [3,4] is a correlation diagram technique which employs symmetry
efficiently. In this procedure, the largest common point group of reactants and
products is retained along an adopted nuclear pathway and a correlation diagram
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between the wavefunctions of reactants and products is constructed. If the
adopted path turns out to be symmetry-forbidden, OCAMS predicts how the
symmetry of the pathway must be reduced in order to make it symmetry-allowed
[3, 4]. Thus, information about the nature of the non-correlation is used to find
those nuclear motions along which the wavefunctions of reactants and products
remain in correlation.

The operational rules of OCAMS have been derived, using time-dependent
perturbation theory [4]. In this paper we demonstrate how the operational rules
of OCAMS follow from the requirement that nuclear displacements on a potential
energy surface be energetically favourable. In addition, we propose a procedure
for finding favourable pathways, which does not employ symmetry arguments
but uses instead the information contained in the forms of non-correlating
orbitals. This procedure may extend the range of applicability of correlation
diagrams to processes possessing low point group symmetry. Moreover, it can
supplement OCAMS when symmetry arguments alone are inadequate for
specifying the optimal reaction path. This latter aspect will be illustrated by
singling out energetically preferred geometries for the approach of two H,
molecules on the potential energy surface for the H, + D, exchange reaction.

2. Correlation Diagrams Using Many Electron Functions

We consider a reactant of nuclear configuration R which is to be converted into
a product of nuclear geometry P. Along the pathway we maintain a point group
G common to reactants and products. This implies that we impose a nuclear
displacement along a symmetry coordinate § which is totaily symmetric in the
adopted group G. We assume that the Schrodinger equations for the reactant
and product nuclear configurations have been solved

Hr|R)=Ex|R) (1)
Hp|P)=Ep|P) @)

In the Hamilton operators Hg and Hp, the nuclear coordinates have fixed values
for the geometries R and P, respectively. Thus, these nuclear arrangements are
considered to be static, so the kinetic energy operator for the nuclear motion is
absent in Hg and Hp. Our primary aim is to devise a criterion for determining
whether the retention of G is energetically favourable. For this purpose we
consider an intermediate nuclear geometry I, located between reactants and
products on the potential energy surface and also having the symmetry of G
(see Fig. 1). As the wavefunction we employ the following variational ansatz [5]

II)=Cr(D)IR) + Cp(D)|P) 3)

The wavefunction |I) for the nuclear arrangement I is a superposition of
wavefunctions calculated for the different geometries R and P, but the coefficients
Cr{I) and Cp(I) vary with the geometry I selected. Consequently, |I) has the
flexibility to become |R) and |P) when I coincides with the reactant or product
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E{S)
Fig. 1. Change of the nuclear geometry from reactants R to I
products P along a totally symmetric coordinate S in the retained  —
group G. The continuous line is the exact potential energy surface; E _;7’ P s
the dotted line represents the surface when the variational ansatz R
(3) is used

geometry, respectively. Minimization of the energy leads to the eigenvalue
problem
((R [HDR) | (RIH(I)|P>) (CR(I))
(PIH(DIR) | (PIH(DIP)/ \Cp(D)

(=t S () 2

(4)

The dependence of the operator and the coefficients on the geometry I is
indicated by (I). For different I, Eq. (4) can be solved for the corresponding
E(I) values. It follows from the variational ansatz (3) that the energy E(I) is
always higher than the exact energy, as indicated in Fig. 1. We assume that the
exact potential energy surface (continuous line in Fig. 1) can be adequately
represented by the curve passing through all of the intermediate E(I) values
(dotted line in Fig. 1). It is clear from the form of Eq. (3) that this assumption
is valid when the geometry [ is close to that of either the reactant or the product.

An analytic expression for E(I) is derived by means of a simple partitioning [6]
as indicated in Eq. (4).

B (RIH(D)|P)—(R|P)E(I))*
E(I)=(RIH(D|R)+ EO—(PHDIP)

(a) (b)

This simple perturbational expression for E(I) is implicit, but it is exact for the
eigenvalue problem (4). An advantage of Eq. (5) is the partitioning of E(I) into
two contributions, (a) and (b), each of which has a characteristic meaning. By
use of the results derived in the appendix, we find that the expectation values
(R|H(I)|R) and (P|H (I)|P) are upper bounds to the energy E(I). Consequently,
(a) is always higher than E(I), whereas (b) is negative, due to its negative
denominator and positive numerator. Thus, it is the latter term which facilitates
a distortion along the totally symmetric pathway because it is always energy-
decreasing. This conclusion is closely related to the results derived by D. M.
Silver [5], who solved Eq. (4) by means of the quadratic equation, and derived
the energy-lowering contribution at a point I at which (R|H (I)|R) has the same
value as (P|H (I)|P). The conceptual advantage of the perturbational expression
(5) is the occurrence of the energy lowering contribution (b), which is valid for
all intermediate nuclear arrangements I. The physical meaning of (a) and (b) is
similar to the meaning of the perturbational expression for the force constant
in the Bader—Pearson Concept [7]. Contribution (a) contains the wavefunctions
of the reactants but the operator H(I) for the geometry I. Consequently, (a)

(5)
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reflects the effect on the energy of displacing the nuclei towards I, but without
readjusting the wavefunction to the new geometry. Thus, (a) resembles the
energy contribution arising from the “classical force constant term” which
describes a nuclear motion in the unrelaxed electronic charge distribution [8].
The energy term (b) is stabilizing in a way similar to the energy referring to the
relaxational contribution to the force constant [8] employed in the Bader-Pearson
concept. However, the latter procedure is based on a harmonic potential model,
with small nuclear distortions, whereas Eq. (5) is valid for arbitrarily large
displacements from R towards P.

On the basis of the above analysis, we conclude that a nuclear distortion from
R to P is energetically favourable provided the energy-decreasing contribution
(b) does not vanish. The analytic form of (b) leads immediately to a group
theoretical selection rule which has been derived in a somewhat different way
by Silver [5]: Since the operator H(I) is always totally symmetric in the group
adopted, we conclude: The retention of a group G from R to P can be energetically
favourable, provided that the product of the wavefunctions |R) and |P) transforms
totally symmetrically. This is the case when the direct product I'r XI'p of the
irreducible representations to which |R) and |P) belong, respectively, contains
the totally symmetric representation. If a group G is retained where |R) and |P)
transform differently, (b) vanishes by symmetry. The retention of such a group
G is therefore energetically unfavourable. For excited state and radical potential
energy surfaces, |R) and |P) might transform differently and the rule can be
discriminative. For closed shell ground-state surfaces, however, |R} and |P) are
always totally symmetric in any group retained. Therefore, the selection rule is
indiscriminative for closed shell ground-state potential energy surfaces. This
latter situation is taken up in the next section.

3. Correlation Diagrams Using Molecular Orbitals

The formula for the energy E(I) of a nuclear arrangement I can be reformulated
using a partitioning of the operator H(I)

H({I)=Hr+ V() (6)

Thus, H(I) is decomposed into the operator Hgr for the reactant geometry R
and the one-electron operator V(I) representing the change in the nuclear-
electron attraction when the nuclei are displaced from R to I. Using Eqs (6)
and (1), we reformulate Eq. (5) as

[(R|VI)|P)—(R|PXE(I)- Ex)I’

E(I)-(P|Hz|P)—(P|V(D)|P)
(a) (b)

Our major aim is to derive symmetry conditions which force (b), the reformulated
relaxational term of Eq. (5), to vanish.

E(I)=[Er +(R|V(D|R)]+ Q)
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The eigenfunctions |R) and~|P) are considered as expanded into the complete
set of Slater determinants |R;) and |P;), respectively.

Ry =adR)+ £ alR)~IR) (8a)
PY=b0lP)+ ¥ B|B)~|P) (8b)

For closed shell ground-state potential energy surfaces, we approximate |R) and
|P) by the predominating closed shell Hartree—Fock wavefunctions |R) and |P),
respectively (see Eq. (8)). Now, we consider the corresponding expectation value
(R|V(I)|P) and the overlap integral (R|P) occurring in the numerator of (b) in
Eq. (7). These integrals have to be evaluated using nonorthogonal closed shell
determinantal wavefunctions, because |R) and |P) are calculated for the different
reactant and product nuclear geometries. Since V() is a one-electron operator,
we can apply the standard procedure [9]

RIVDIPY =3 %V (Dlp) (1) (Det (rlp);)* (©)

where m designates the number of doubly occupied Hartree~Fock orbitals |r;)
and |p;) of reactant and product, respectively. All m occupied orbitals of reactant
and product are arranged in the row vectors |[r) and |p), respectively. Con-
sequently (r|p) is an m X m overlap matrix and Det (r|p); represents the deter-
minant of (r|p) where row / and column j have been deleted. The overlap integral
occurring in (b) of Eq. (7) can be calculated [9] by means of

(R|P) = (Det (r|r) Det (p|p))"*(Det (r|p))* = (Det (r|p))” (10)

where the property has been used that (r|r) and (p|p) are unit matrices. Now,
we consider m occupied orbitals of reactant and product, each of which is
calculated at its own geometry. However, we classify them in the common group
G, which is retained along the adopted pathway. In Fig. 2, we have ordered
them according to their irreducible representations I';, rather than according to
their energies. Moreover, Fig.2 is based on the symmetry conditions for a
symmetry-forbidden pathway where an occupied (unoccupied) orbital of the
reactant with symmetry I', (I',) is transformed into an unoccupied (occupied)
orbital of the product. The number of orbitals of species I'; on the reactant side
of the diagram equals the number on the product side for all I'; except I', and
I',. For T'; we have one orbital less for the reactant than for the product (see
Fig. 2); the reverse situation holds for the irreducible representation I', (see
Fig. 2).

In the following, we relate the magnitude of (R|V (I)|P) and (R|P) appearing
in (b) of Eq. (7) to the symmetry conditions represented in Fig. 2. Due to
symmetry, the m xm overlap matrix {r|p) possesses the block form shown in
Fig. 3.
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Fig. 3. Form of the overlap matrix {r|p) for a symmetry forbidden ground state pathway

For the evaluation of Det (r|p); occurring in Eq. (9) we can use the Laplacian
expansion of determinants in its generalized form [10]

..... rem

Det (rlp); =Y (—1)®2 Detr o (r|p)y; Detoem (rlp); - (11)
P

Det(r|p); is expanded into the minors of nr rows indicated by the symbol
r1, ..., ) the upper index ¢y, .. ., ¢, designates a particular combination p of
nr columns. The sum over p in (11) is over all possible sets of the indices c; . . . cps.
The indices riem and c¢em designate a determinant containing all remaining rows
and columns, respectively. Expanding Det (r|p); in the minors of the last two
rows (see Fig. 3), we recognize that

Det; 2 (plp); =0 (12)

PR

holds, because for every p the 2 X 2-determinant, which appears as factor in Eq.
(11), contains either a zero column or a zero row; consequently, all Det (r|p);
vanish. Thus, all matrix elements {r;|V (I)|p;) occurring in (9) are multiplied by
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zero, and the expectation value (R|V (I )IP) appearing in Eq. (7b) vanishes. For
the evaluation of the overlap integral (R |P> we have to determine Det (r|p) (see
Eq. (10)). Using the block form depicted in Fig. (3) and expanding Det ([|p)
into the minors of the last two rows by means of Eq. (11), we see that (R|P) is
zero due to symmetry. Consequently, the energy lowering contribution (b) of
Eq. (7), which makes the potential energy surface energetically favourable,
vanishes.

We are now in a position to formulate a symmetry rule for nuclear motions
along a ground state potential energy surface: The retention of a point group G
is energetically unfavourable whenever G induces an overlap matrix (r|p) between
the occupied orbitals of reactants and products with two rectangular blocks. Such
a block form is based on a molecular orbital correlation diagram in which at
least one pair of orbitals is not in correlation. Retention of a group G which
causes a block-diagonal overlap matrix containing only quadratic blocks can be
energetically favourable, because it is only in this case that symmetry does not
force (b) of Eq. (7) to vanish. Such a block-diagonal form corresponds to a
correlation diagram were all occupied orbitals are in correlation.

As pointed out in Sect. 2, the many electron closed shell wavefunctions |R) and
|P) transform totally symmetric in any group G. Consequently, a pathway along
which any G is retained is allowed by state symmetry. However, we have now
shown that a discriminative selection rule exists at the molecular orbital level.
Thus, a path which retains a particular group G may be symmetry-allowed with
respect to the many-electron functions |R) and |P), but symmetry-forbidden at
the molecular orbital level. This finding is a consequence of the hierarchy of
symmetry rules, which was discussed in detail by D. M. Silver [5].

4. Symmetry Lowering and Energetically Favoured Nuclear Distortions

Consider a reaction path from reactants to products, which has been characterized
as symmetry-forbidden in the group G retained. As outlined in Sect. 2, |R) and
|P) for reactant and product, respectively, transform according to different
irreducible representations of G. Consequently, the energy-decreasing contribu-
tion (b) of Eq. (5) vanishes. However, a pathway resulting from a reduction of
symmetry from that of the group G into one of its subgroup G, might be
energetically favourable. In the following analysis we attempt to single out which
subgroup G of G must be maintained along the preferred new pathway.

For this purpose we rewrite Eq. (5)
(RIH(I)-EI)|P)’ (1 _(P\H(I)IP)) -
E(I) EI) '

Assuming that (P|H (I)|P), like E(I), is a negative quantity and using the fact
that (P|H (I)|P) is an upper bound to E(I) (see appendix) we have
(PIH(D)|P)
E)

EI)=(R|HD|R)+

(13)

=1. (14)
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If this quantity is less than 1, we can expand Eq. (13) in a power series

E(D) = (RIHDIR) +—— (RIH ()~ E(D|PY

E(I)
(PIH(D)|P) (PIHW)|PY
<1+ ED | EUY +) (15)

Let us now consider a nuclear arrangement I which is close to the nuclear
geometry of the reactant (see Fig. 1). In this case E (/) should not be very different
from Eg, so we can replace E(I) in Eq. (15) by Er to obtain an approximate-
explicit expression for E(I)

B() = (RIH(DIR)+ 5~ (RIH (D)~ Ex|P’
1
+ = (RIHW) - Ex|PYPIH(D)IP) 16)
R

where we have truncated the power series in Eq. (15) after the second term. If
we use the decomposition (6) of H(I') we derive

E(I)=Er +(R|V(I)|R)
(a)

1
+;5—<R|V(I>IP>2
R (b)

+ L (RIVIDIPYP|HRIP) a7)
Ex ©

+EL2 (RIV(DIPYP|V(I)|P)
R (@

where (b—d) in Eq. (17) approximate the energy lowering contribution (b) of
Eq. (7).

In the group retained, |R) and |P) transform differently along the assumed
symmetry-forbidden pathway, so the stabilizing terms (b—d) vanish by symmetry.
However, the nuclei may deviate along a non-totally symmetric coordinate S,
inducing a subgroup Gy in which (b—d) do not vanish. For the determination of
such an S}, we consider the operator V(I) after a displacement along S; by an
amount AS; and expand V(I +AS;) into a Taylor series at 1.

2
V(I+As,.)=V(1)+(ﬂ) As,.+%(f’——‘2i) AS? 4 (18)
BS,- I aS} I
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Substituting Eq. (18) into Eq. (17) we obtain the total energy E(I +AS;) at the
displaced nuclear geometry (I +AS;) up to terms proportional to AS ,2

E(I+AS;)=E) +(R|( )|R>AS

@ (b)
Fr RIVOIPYP|(3) 1P)8S,
(c)
252 (RIVIIPRP] (5 Sz) Py as? +4R| (2 S,) IR) AS?
(d) (e)

+—<R|( ) IP)? AS? <R|( s) IP)? (P|H (I)|P) AS>.
(f) (® (19)

The first contribution (a) is the energy of the nuclear arrangement with geometry
I, which is located on the unfavourable high symmetry pathway where |R) and
|P) belong to different irreducible representations of G. Moreover, we presuppose
that |[R) transforms not as a multi-dimensional representation. Thus, a symmetry
lowering arising from the static Jahn-Teller effect [11] is excluded from the
following considerations. Based on this assumption, the second term (b) vanishes,
since the operator (9V/4aS;); transforms as S;, which is non-totally symmetric in
the unfavourable group G. The contributions (¢} and (d) are zero since the
integrals (R|V (I)|P) vanish. Symmetry alone does not force (e) to become zero,
because (3°V/8S?); is always totally symmetric for any S;. The discriminative
contributions are (f) and (g) which lower the energy when we displace from I
to (I +AS;). We see immediately that (f) and (g) vanish, unless the triple direct
product I'r XTI's, XI'p contains the totally symmetric representation. Thus, we
derive a symmetry-lowering selection rule when many-electron wavefunctions
IR) and |P) are employed: A pathway which is totally symmetric in the group G
and is symmetry-forbidden can be avoided by lowering the symmetry along a
symmetry coordinate S; for which the triple direct product of the representations of
the reactant, the coordinate and the product contains the totally symmetric rep-
resentation of G

FR XFS,‘ XFP DF1. (20)

Moreover, if |R) and |P) belong to one-dimensional irreducible representations,
the symmetry of the many-electron overlap density function ¢ %¢p contained in
the integral (R|(9V/3S;):|P) determines the symmetry of the preferred non-totally
symmetric coordinate

T, =Tr XTp. 1)

Eqgs. (20) and (21) are the operational rules of the symmetry lowering OCAMS
procedure, as applied to many-electron functions [4]. Once more, as in Sect. 2,
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the rule is not discriminative when both R and P are closed shell ground states,
which are necessarily totally symmetric.

5. Symmetry Lowering on Ground State Potential Energy Surfaces

In Sect. 3 we have illustrated that the retention of a group G for nuclear motions
on the ground state potential energy surface is energetically unfavourable
whenever the overlap matrix (r|p) between occupied molecular orbitals of reac-
tants and products contains two rectangular blocks (see Fig. 3). Here, we show
how to choose the non-totally symmetry coordinate S; along which the nuclei
can deviate in order to avoid the unfavourable pathway. For this purpose we
consider the integral (R|(3V/aS,)1|P), which appears in the energy-lowering terms
(f) and (g) of Eqn. (19). Again, we approximate |R) and |P) by the closed shell
Hartree-Fock wavefunctions |R ) and |P) for reactants and products, respectively.
Using this simplification, we can apply the standard procedure [9] to evaluate
the integral

®)(55) D=5l (3) leo-0*" @etlpra? 2

The indices k and [ run over all m doubly occupied orbitals. Consider a symmetry
coordinate S; in the group G, whose symmetry is such that

[ xTgxT, 2Ty (23)
holds.

Thus, the symmetry of S; is determined by the symmetries I', and I',, of the pair
of non-correlating orbitals which produce the two rectangular blocks in Fig. 3.
Using such an S;, the matrix (r|(dV/3S;) 7|p) has the form given in Fig. 4, in which

J
nooon ntor

—— | — e

yem =

et

—

Fig. 4. Form of the matrix (r|[(3V/3S;);|p) for a energetically favourable deviation from G along a
non-totally symmetric symmetry coordinate S;
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the matrix elements (r|(9V/8S;);|p:) vanish unless the triple direct product 'y X
I's, T, contains the totally symmetric representatlon Using the block form
depicted in Fig. 4 for the evaluation of (R|(3V/aS;) :|P) by means of (22), we see
that each of the non-vanishing matrix elements (rkl(a V/8S;)1p:) located in the
lowest rectangular block is multiplied by a non-vanishing determinant Det (r|p .
Any other non-vanishing matrix element, such as those in the upper corner of
Fig. 4, is multipled by a vanishing determinant Det (r|p).;. This is due to the fact
that it is only in the former case that (r|p )y, is block-diagonal, with only quadratic
blocks. Consequently, the energy lowering terms (f) and (g) of Eq. (19) are
non-zero by symmetry, and a nuclear displacement along S; is energetically
favourable by virtue of the induced interaction between the non-correlating
orbitals. These results lead to a systematic procedure for making a symmetry-
forbidden pathway symmetry-allowed: If a nuclear displacement on the ground-
state potential energy surface is symmetry-forbidden when a group G is preserved,
the nuclei may deviate along a non-totally symmetric coordinate S;, which lowers
the symmetry of the pathway to that of the subgroup Gy of G which is the kernel
Of Fs], [4]

The symmetry I's, of the favourable nuclear displacement is such that the triple
direct product I', X I's, X T, contains the totally symmetric representation as indi-
cated in Eq. (23).

Thus, from the symmetries of orbitals which are not in correlation, we can
determine a nuclear pathway which is symmetry-allowed and energetically more
favourable. Eq. (23) is the symmetry lowering OCAMS rule [3] on the molecular
orbital level, which we have deduced from the requirement that the nuclear
motions on the ground state potential energy surface should be energetically
favourable.

6. Correlation Diagrams without using Symmetry

In the previous sections we have illustrated how the requirement of energetically
favourable nuclear motions on a potential energy surface is related to the
symmetry maintained along the pathway. Specifically, we have deduced the
OCAMS rules for choosing those nuclear motions which can convert a symmetry-
forbidden path into one that is symmetry allowed. An essential premise of this
procedure is that both the reactant and the product have a sufficient number of
symmetry elements to make the application of group theory efficient. However,
many molecules of chemical interest are insufficiently symmetrical for the rules
derived above to be adequately discriminative. Therefore, a procedure which is
not based on group theoretical symmetry arguments is desirable for selecting
favourable nuclear motions.

We consider a correlation diagram between the occupied orbitals of reactants
and products where a particular mode of nuclear motion has been arbitrarily
selected. Pointwise calculations may indicate that a pair of occupied orbitals of
reactant and product are not in correlation. In the following, we relate this
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information about non-correlation to the magnitude of the energy-decreasing
contribution (b) in Eq. (7) by making the following assumptions:

(1) The overlap integral (r;|p;) is larger for a pair ij of correlating molecular
orbitals than for a pair which does not correlate.

This supposition is based on the idea that the location of nodal surfaces of
correlating molecular orbitals remains almost unchanged in space. Conversely,
non-correlating orbitals are assumed to have nodal surfaces in different spatial
regions. These premises imply that the overlap integral between correlating
orbitals is large whereas that between a pair of non-correlating orbitals is small.

(2) The integral {r]|V(I)|p;) is larger for a pair ij of orbitals which correlate than
for a pair of non-correlating orbitals.

Since the nodal surfaces of the correlating orbitals |r;) and |p;) are assumed to
be retained, the function 7 (1)p;(1) possesses the same sign in all spatial regions.
Consequently, the nuclear positions appearing in V(I) are in spatial regions
where 7¥ (1)p;(1) has the same sign. Therefore, the integral (r,|V (I)|p;) should be
large. In contrast, when i and j refer to a pair of non-correlating orbitals, the
nuclei may be located in spatial regions where the function r¥(1)p;(1) has a
different sign and the integral {r;|V (I')|p;) can be assumed to be negligible.

Consider a correlation diagram where the m th pair of orbitals is not in correlation.
By assumptions (1) and (2), the matrices {(r|V(I)|p) and (r|p) have approximate
diagonal form, where the elements (r,,,| V (I)|p.n) and {r,..|p.) are small, as indicated
in Fig. 5. The application of Egs. (9) and (10) for the evaluation of the integrals
(R \va )]ﬁ) and (R ]15), respectively, occurring in (b) of Eq. (7) shows that the
contribution (b) is small. This is due to the fact that for i=1,2,...,m—1 all
Det {r|p); contain a row with almost zero matrix elements (see Fig. 5); for i =m,
Det {r|p)mm is multiplied by (r,,| V (I)|p..) which is small (see Fig. 5). Consequently,
the adopted nuclear pathway is energetically unfavourable, since one pair of
occupied orbitals of reactants and products has a small overlap. This conclusion,
which is central to the mapping analysis proposed by Trindle [12], may be stated:
A reaction path is unfavourable when two orbitals do not map onto each other,
as indicated by a small overlap integral {(r|p.). Here, we have related this
postulate to the magnitude of the energy-decreasing contribution (b) of Eq. (7),
which is small when |r,,) and |p,,) do not map onto one another.

N % M

Dj

2 r2
s 7
Fig. 5. Schematic form of the matrices (r|V(I)|p) rm[:l: D ED |:|

and {r|p) when the orbitals r,, and p,, are not in
correlation <riv(DIp> <rip>
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Now, we attempt to find the nuclear displacement A which avoids the unfavour-
able pathway. We propose the following general procedure: Deviate from the
unfavoured path as indicated by the form of the overlap density function rE(Dpm(1)
of the non-correlating occupied orbitals |r,,) and |p..). In particular, move the nuclei
into those spatial regions where ri(1)p(1) has a high functional value and the
same sign. At such a displaced geometry (I +A), the integral (r,,| V(I +A)|p,.)
should be large, because the nuclear arrangement (I +A) is adapted to the form
of rk (1)p..(1). Comparison of Fig. 6 with Fig. 5 shows that a new non-vanishing
element appears in the matrix (r| V(I + A)|p) but the overlap matrix (r|p) remains
unaffected because the orbitals are independent of the geometry I + A selected.
Application of Eq. (9) to determine (R|V (I +A)|P) illustrates that the energy-
decreasing contribution (b) of Eq. (7) is significant because {r,,| V(I +A)|p.) is
not small. Therefore, we conclude that a nuclear displacement from [ to I +A,
as indicated by the form of the overlap density function r} (1)p,.(1), is energeti-
cally favourable.

7. Favourable Nuclear Motions on the Potential Energy Surface for the
Approach of two Hydrogen Molecules

An effective way to single out favourable nuclear motions on a potential energy
surface are the symmetry based OCAMS rules [3, 13, 14], which we have derived
above by the requirement of energetically favourable nuclear motions on the
potential energy surface. Here, we employ this procedure to determine the most
favourable geometry of approach of two hydrogen molecules in their electronic
ground state. If the information derived from symmetry considerations alone is
insufficient, we determine the favourable nuclear motions by referring to the
form of the overlap density function between non-correlating orbitals, as pro-
posed in Sect. 6. The qualitative results are compared with the H, + H, potential
energy surface which has been calculated with high accuracy [15, 16, 17].

The obvious initial pathway to adopt is the rectangular approach of two hydrogen
molecules, retaining D5, symmetry. The correlation diagram for the energies of
the molecular orbitals has been calculated ab initio using the STO-3G basis set
[18] (see Fig. 7). For the calculations, the intramolecular H-H distances were
fixed at 0.712 A, which is the STO-3G equilibrium value [19]. The intermolecular
distance R(H,—H,) has been varied from 2.0A to 0.5A and the calculated
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Fig. 7. Correlation diagram of molecular orbitals for a planar D,, approach of two H, molecules

points are indicated. Fig. 7 designates the rectangular D, approach as symmetry-
forbidden, because the highest occupied orbitals are not in correlation [20]. This
known result [20] is fully supported by the calculations of the ground state
potential energy surface for two impinging hydrogen molecules, as performed
by D. M. Silver et al. [17]. Over a wide range of intermolecular distances the
rectangular approach is the most unfavourable [17].

We are now in a position to exploit the information about non-correlation to
determine a pathway for the mutual approach which is symmetry-allowed. For
this purpose we apply the symmetry-lowering OCAMS rule, derived in Sect. 5.
As the reactant nuclear configuration R we consider the geometry which refers
to the left side of the correlation diagram (see Fig. 7). The product nuclear
geometry P is the arrangement used for the calculation of the right side of the
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correlation diagram (see Fig. 7). According to the OCAMS rules, we have to
deviate from the D5, pathway along a b, symmetry coordinate because for this
coordinate the triple direct product between the symmetries of the non-corre-
lating orbitals and the symmetry of the distortion yields the totally symmetric
representation [3]. In Fig. 8 we have depicted two orthogonal symmetry coordin-
ates §; and S», both transforming as &1, and thus reducing the symmetry from
D, to C3%;,. Therefore, the favourable nuclear distortion should be a linear
combination of the two symmetry coordinates S; and S, superimposed upon
other symmetry coordinates which are totally symmetric in D5,

A displacement along the “pure” §; coordinate would lead to a nearest atom
(NA) parallelogram orientation, whereas a distortion along S, results in a centre
of mass (CM) parallelogram orientation. A combination of §; and S, suggests
a nearest atom linear pathway. Thus, we have to determine to what extent $;
and S, are incorporated in the energetically preferred deviation from the D5,
pathway. The OCAMS analysis alone is unable to distinguish between the three
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Fig. 9. Overlap density function r,(1)p,(1) for the orbitals #, and p, which are not in correlation
when a rectangular D, pathway is retained. The spacing of lines is 0.005

different pathways, because it only predicts the symmetry species of the displace-
ment. Because of this limitation we supplement OCAMS with the overlap density
function approach of Sect. 6.

In Fig. 9 we have depicted contour lines for the overlap density function r,(1)p,(2)
between the orbitals which are not in correlation, when the D,, pathway is
retained. As the reactant nuclear geometry R, we have selected a D5, configur-
ation where the intermolecular distance was fixed at 3.0 a.u. In the product
nuclear arrangement P this distance was decreased to 1.0 a.u. In both geometries
the intramolecular H-H distance was fixed at 1.345 a.u. which is the STO-3G
equilibrium value [19]. Moreover, the nuclear positions of the geometry R from
which we have to deviate, are also recorded. Inspection of Figs. 8 and 9 indicates
that an impinging pathway which brings all four atoms into regions in which the
overlap density has the same sign, leads the nuclei along a linear combination
of §; and S5, so that they achieve an essentially linear orientation.

Consequently, such a nearest-atom linear pathway should be energetically
favourable. These qualitative results are supported by the extensive calculation
of D. M. Silver et al. [17]. Over a wide range of intermolecular distances, a
pathway with a nearest atom linear orientation of the two hydrogen molecules
is indeed the most favourable [17].
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8. Conclusion

The results derived above support the expectation that the form of the overlap
density function between non-correlating orbitals can be used to supplement
OCAMS. Particularly, when OCAMS predicts a symmetry of distortion which
may refer to several symmetry coordinates, the form of the overlap density
function may be used to select the preferred nuclear pathway. Since the overlap
density function procedure is independent of group theoretical symmetry argu-
ments, one may also hope that it is applicable to molecular systems having
insufficient symmetry for an orbital symmetry analysis to be useful.

Appendix

In the following discussion we analyse the role of the energy contributions (5a)
and (5b) in determining the total energy E (I') of the nuclear arrangement at the
geometry I. First, we show that the expectation values (R |H (I)|R) and (P|H (I)|P)
are upper bounds to the energy E(I). Therefore, we consider the total 2 x2
secular problem which has been partly treated as Eq. (4) of Sect. 2:

((RIH(I)|R> <R|H(I)|P>>(C1r Czr>

(PIH(DIR) (PIHIPY/ \Cy, C,
=<(P|1R) <R1|P>)(gf,: g;) (]f)l 122) 1)

Moreover, we recall that the lowest eigenvalue E, is the energy E(I) at the
nuclear geometry I. Now we define a row vector |v) comprising the variational
functions |I;) and |I,) which are constructed as linear combinations of |R) and
|P) as in Eq. (3) of Sect. 2

o) @)

Clp CZp

with this |v), the matrix (v|H (I)|v) is the diagonal matrix E, and the overlap
matrix (v|p) is a unit matrix, thus we have

) =105 = R)P)

(v|H(D)lv)=E, 3)
and
(wlv)=1 4)
However, we also can perform the inverse transformation
RIP) =1l (1), (5)
tiz f22

Moreover, we have
(RIR)=T1 (v|o)Ty =111+t =1, 6)

where T is the first column of the transformation matrix occurring in Eq. (5).
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Now, we can use Egs. (5) and (3) to determine (R|H (I)|R):

<R|H(I)|R>=§ i tlit1j<IilH(I)IIj>=t%1E1+t%2E2 (7)

i=jj=
If we substract E; from both sides of Eq. (7) and use Eq. (6), we find that
(R lH(I)‘R>—E1 = 1%1E1+f%252—(t%1 +t%2)E1 = t%z(Ez*El)- )]

Now, we assume that the upper eigenvalue E, always satisfies E, > E;, where
E, is the lower eigenvalue. This implies that (E, — E;) is always positive.

Recalling that E; =E (I'), we find that

(RIH(D|R)-E)=0, (10)
and in a similar way
(PH(I)|P)—E(I)=z0. (11

Thus, (R|HI)|R) and (P|H(I)|P) are upper bounds to the energy E(I). Note
that Egs. (10) and (11) follow from the theorem that the lowest eigenvalue of
a hermitian matrix is always larger than the largest diagonal matrix element
[21]. Moreover, Egs. (10) and (11) are also consequences of the theorem of
Hylleras and Undheim [22]. Using the derived results we find the energy
contribution (5a) of Sect.2 as lying above the energy E(I) of the nuclear
arrangement I, whereas (5b) is always energy decreasing and makes the nuclear
displacement energetically favourable. This is due to the fact that the
denominator of (5b) is negative, whereas the numerator is positive.
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